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Abstract 

We discuss the analytic properties of AdS scalar exchange graphs in the crossed channel. 
We show that the possible non-analytic terms drop out by virtue of non-trivial properties of 
generalized hypergeometric functions. The absence of non-analytic terms is a necessary condition 
for the existence of an operator product expansion for CFT amplitudes obtained from AdS / CFT 
correspondence. 
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Scalar exchange conformal graphs are basic ingredients in a calculation of conformally in- 
variant n-point functions for n > 4. Such graphs have been extensively studied in earlier works 
on conformal field theory (CFT) in d > 2 [1-3]. Consider a conformal four-point function 4 
G(x\, ..,£4) = (0(xi).. 0{xi)) where the scalar field 0(x) has dimension A. One contribution to 
this four-point function is given by the skeleton graphs in which a scalar field cr(x) of dimension 
A is exchanged between external legs corresponding to 0{x). For such skeleton graphs to exist 
it suffices that the three-point function {0{xi)0{x2)<r{x 3 )) is non-zero. 5 The relevant graph is 
depicted in Fig.l. Then, bose symmetry requires that G(xi, .., X4) receives contributions from all 
different graphs which can be obtained from Fig.l by suitable relabeling of the external points. 



Xl x 2 



B(x 1 ,x 3 ;X2,X4) 



X 3 x 4 

Figure 1: The standard CFTd scalar exchange graph. The solid lines represent the full 
propagator ofO(x), the dotted line represents the full propagator of a(x) and the dark blobs 
stand for the full vertex functions [2, 3]. 

One of the basic implications of conformal invariance is the existence of an operator product 
expansion (OPE) [5] which is essentially equivalent to a partial-wave decomposition of conformal 
n-point functions. Such a property finds an explicit application in the study of the four-point 
function Q{x\, .., X4), as it implies that its calculation in terms of skeleton graphs should be 
compatible with a conformal OPE. By conformal invariance G(x±, ..,X4) is determined up to an 
arbitrary analytic function of the two biharmonic ratios 

/-y2 2 ,-y>2 ™ 2 

X13X24 _ x u x 23 m 

X 12 x 34 x 12 x 34 

Then, calculating the relevant skeleton graphs obtained from Fig.l one finds a general expansion 
of the form 



G (1) (X 1 ,X2,X 3 ,X 4 ) = — r 



(xj 2 x2.) A - ~ n\m\ 



-A nm (A, A) In u + B nm (A, A) 



34; n,m=0 

+n5 A ~ A C nm (A, A) + ^ d - A )- A C nm (A, d - A) 



(2) 



4 For clarity we choose all fields in the four-point function to have equal dimensions. The generalization of our 
results in the case of different dimensions is straightforward. 

5 Conformal invariance determines the form of three-point functions. Then, using the D'EPP formula [4] for 
amputation one can obtain the full three-point vertex function which is used in the skeleton graphs. 



2 



where the coefficients A nm , B nm and C nm have been given in a number of works [2,3]. This 
expression is compatible with a conformal OPE when the latter is inserted in the direct channel 
x\ — > X3, X2 — > X4 or equivalently u — >■ 0, v — > 1. The first two terms on the r.h.s. of (2) together 
with the contributions from the zeroth order terms (disconnected graphs) 6 

^ (0) (-i^^3,x 4 ) = — + — -Wl + -" A ] , (3) 

l x 13 x 24J l x 12 x 34J 

represent the contributions of infinitely many conformal tensor fields with definite dimension and 
rank. The last two terms on the r.h.s. of (3) determine the canonical dimensions of these tensor 
fields, while the logarithmic terms on the r.h.s. of (2) determine their anomalous dimension. A 
general method to identify and study the contributions of conformal tensor fields in four-point 
functions is described in [6]. 

In order that a four-point function admits a conformal OPE it is necessary that it does not 
contain non-analytic terms e.g. the double summation in (2) is restricted over n, m € No- The 
analyticity of conformally invariant amplitudes is a non-trivial property of CFT^ and should be 
checked in all explicit calculations. In this letter we show that general AdS^+i scalar exchange 
graphs are analytic in the crossed channel expansion and therefore admit a conformal OPE. 
More technical details of our calculation as well as a thorough OPE analysis of AdS^+i scalar 
exchange graphs are contained in [6]. 

Our main motivation for studying the analyticity properties of AdS^+i scalar exchange 
graphs comes from similar studies of conformal graphs such as the one depicted in Fig.l. Us- 
ing the D'EPP formula and Symanzik's technique [7] the exchange graph in Fig.l has been 
calculated in the direct channel as 

,.<*„. -A 



B( Xl ,X 3 ;X2,X4) = - - > , , U^C nm (rf, A + ^ 2 2 Cnm (d, d ~ A , 4 

(n-2. ^2 \A n\m,\ L J 

34 J n,m=0 



I j \\ / a \ 2/1 j 1a\ (2^)n(2^)n+m /r\ 

c nm (d,A) = a(A)a {^d - ■= A — - z , (5) 

z z (A) 2n +m(A - ±d+ l) n 

T(±d-b) T{b + n) 

a(b) = , (b) n = - TW - . (6) 

This result is explicitly compatible with a conformally invariant OPE when the latter is inserted 
in the direct channel. Namely, the first term on the r.h.s. of (4) is the full contribution of the 
scalar field <r{x) in the four-point function, while the second term on the r.h.s. represents the 
so-called shadow symmetric singularities of the first series. 7 From (4) we can obtain the results 
for both the crossed channels. For clarity we consider here one of two crossed channels, namely 
6 Here and in the following we set to 1 the normalization of two-point functions. 

7 The term shadow symmetry was introduced for the first time in [8]. It corresponds to an intertwiner [9] of 
the conformal group in d > 2 that maps the equivalent representations with dimensions r\ and d — rj onto each 
other. Shadow symmetric singularities may correspond to physical shadow fields if the dimensions of the latter 
satisfy the unitarity bound e.g. d — r\ > d/2 — 1. See [2, 3] and also [11]. 
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when we set X3 «-> X4 in Fig.l. This is obtained from (4) by the interchange u <-> v. However, 
since we are interested in comparing the result with the OPE inserted in the direct channel, 
the above crossing transformation requires an analytic continuation of the result in (4). Indeed, 
the hypergeometric m-sum on the r.h.s. of (4) gives, by virtue of the crossing transformation, a 
hypergeometric series in the variable (1 — u). In order to compare this with the OPE inserted 
in the direct channel we use a degenerate Kummer transformation [10] to obtain a series in the 
variable u. Nevertheless, the remaining series is now a series in the variable v and it is not 
suitable for a comparison with the direct channel OPE which requires v — > 1. Eventually, we 
need to transform this series into a power series in (1 — v) and this step requires an analytic 
continuation which may not always be possible. For the explicit case of (4) we obtain after some 
algebra, 



1 Tfl pi 

B( Xl ,x A ;x 2 ,x s ) = K — - - ]T ™V m {-)[{l-vy- 2t A m {0+B m {0], (7) 

An(0 = v^T{2t- a) 2 Fi(a-t,8-t\l + 8-2t\\-v) 

-v^ d -^ A T(2t - s) 2 F 1 (l - t, 1 - t; 1 + s - 2t; 1 - v) , (8) 



B m (0 = v^ A T(s-2t) 2 F 1 (t,t;2t-s + l;l 

where 



F 2 (t) T 2 (l+t- 



r 2 ( s -t) r 2 (i-t) 



.(9) 



s = A-±d+l,£=±A + m + £, (10) 
Pm(|) = -lnn + 2^(m + l)-^, (11) 

and K is an overall constant whose explicit value is not important here [6] . Notice that the second 
term on the r.h.s. of (7) is analytic, while the first is not. Nevertheless, the non-analytic term is 
exactly zero as can be easily seen using Euler's identity [10] for either of the two hypergeometric 
functions in (8). The remaining analytic term can then be easily computed from (7) and (9) 
and the result was given in [2, 3]. 

In the above calculation we observe that the existence of the shadow singularities in the 
direct channel (4) was essential for the cancellation of the non-analytic terms in the crossed 
channel. Let us turn now to the calculation of the standard AdS^+i scalar exchange graph 
[12, 13] depicted in Fig.2. This, together with the two crossed symmetric graphs and the three 
disconnected terms (3) contribute to the four-point function of 0(x) in the boundary CFT^ in 
the context of AdS/CFT correspondence [14]. Our starting point is the following Mellin-Barnes 
representation for the graph in Fig.2 which is obtained using either Symanzik's method [6] or 
by other techniques [13] 



T 4 (A + s)r 2 (JfA + A - |cQT(|A — A - s) 

r(2A + 2s)r(A - p + i)r(i A + A - p - 7) 
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Figure 2: The AdSd+i scalar exchange graph. The solid lines represent the "bulk-to- 
boundary" propagator of 0{x) and the dotted line represents the standard "bulk-to-bulk" 
propagator of a (x) [12]. 

.< , r- 2 { Ia + A - |d, I A + A - |d, |a - A - s; A - \d + 1, A + I A - \d - s; 1 



xm s 2 Fi (A + s, A + s; 2A + 2s; 1 - 



(12) 



where is an unimportant for what follows constant [6]. The contour C is chosen such that 
it separates the "right" from the "left" poles of the integrand [13, 15]. The existence of such a 
contour is necessary for the convergence of (12) which can then be shown to give a well-defined 
expansion for the scalar exchange graph of Fig. 2 in the direct channel. This expansion can 
be matched with a conformally invariant OPE [17,6]. However, one finds that in the explicit 
result for (12) terms similar to the second term on the r.h.s. of (4) are missing [12, 13, 17, 6]. In 
view of the role played by such terms (shadow singularities) , for the analyticity of the standard 
CFTrf exchange graphs it is important to check the analyticity of the AdS^+i graph in Fig.2 in 
the crossed channel. We choose for clarity to study the crossed channel which is obtained from 
(12) by the interchange u <-> v. In this case, the argument of the 2-F1 hypergeometric function 
becomes (1 — u) and we again need to use degenerate Kummer's relations to analytically continue 
it into a series in the variable u. Furthermore, the generalized hypergeometric 3F2 function in 
(12) is Saalschutzian [16] and we can use the non-terminating form of Saalschutz's theorem (Eq. 
4.3.4.2 of [16]) to write it as a sum of a ratio of T-functions and another 3.F2 function. Then, 
after some algebra which involves calculating the Mellin-Barnes integral we obtain 



C(xi,x 4 ;x2,x 3 ) = 



fci 



( X 12 X 34) A 



00 „,m 



.771=0 \ ' 



(13) 



/.'■(''•O - F ! ( ! A + i? + ,f 2*i(i? A + m + g I A + m + g; A - \d + 1; t;) , (14) 



r(A id + i) ^^2" ( - 1 *'2- 1 - 1 r 



2 

^2 



T 2 (A + m + 



r(iA + A - \d + i)r(A - 1 a + 1) 

X3F2 ^A + m + £, A + m + £, 1; I A + A - Id + 1, A - Ia + 1; J) ,(15) 
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r(2A - \d) 



r 2 (A- ±A)r 2 (A 



x, h- 2 ( ±A - A + 1, ±A + A - ±d + 1 + a, 1; a + 2, ±A + A - ±d + 1; 1 ) , (16) 



A - ±A - Ad) 7c 



da r 2 (-a)r 2 (A + m + a + e) , 
d) ( s + i)(A + iA-id) 



2"V " V u 1 "A" i 2" 2 l 

2 d + 1 + a, 1; a + 2, |a + A - |c 



where again the constant fci is unimportant here. First we show that /3(v,£) does not contain 
non-analytic terms as v — ► 1. The argument, whose details can be found in [6], is as follows. 
The /3(f, £) term has the form 

da 



/s(«,0 = ^ r2 H0<K^K 



(17) 



for some function g(s, £). The analyticity of fs(v, £) at u = allows us to write the result of the 
Mellin-Barnes integration in (17) as 



d_ 

de 



oo . n — 



E 



v n e g(n-e,0 



, r 2 (n + l-e) 



(18) 



e=0 



One way to obtain (18) is to shift by an infinitesimal parameter e one of the two T-functions in 
(17) in order to regularize the double poles. The possible non-analytic terms as v — > 1 in (18) 
are determined by the large-n asymptotics of the ratio g(n — e,£)/r 2 (n + l — e). This in turn can 
be found using, for example, the Stirling formula (24) below and an asymptotic expansion for 
3 F 2 obtained from Eq. 4.3.4.2 of [16] by setting (in Slater's notation) c = ^A + A - \d + 1 + a, 
e = a + 2. In this way we obtain 



g(n - e,£) 



T 2 (n + l-e) 



2 00 

~ EE & A,t 
n->oo i=i \ 



TjAj + n + l-e- X) 
T(n + l-e) 



(19) 



for some parameters Ai, which depend among others on m and £. The coefficients a\ t i can in 
principle be explicitly determined in terms of the Bernoulli numbers (see below), but in this 
case we only require their existence. Then, by virtue of (19) we obtain the non-analytic terms 



E 



v n e g(n — e, £) 



. r 2 (n+l-e) 



_ e T{A + l-e-X) 
r(i - e) 



2 00 

EE^ i' 

i=l A 
2 00 

i=0 A 



2 Fi(^ + l-e-A,l;l-e;u) 



(20) 



where to get the second line of (20) we used a Kummer transformation [10]. The crucial point 
is now that the non-analytic terms are independent of the parameter e and therefore drop out 
when we substitute (20) into (18). 

Next, by yet another Kummer transformation it is easy to see that the fi(v,£) term gives 
the following non-analytic contribution to (13) 



■y 2 



A-A 



(i-«) 



l-±d-2m- 



2 <T(id-l + 2m + 2£)]T 

n=0 



;i-<(±A-Id+l-m-£) 



nl 



! (2 - \d - 2m - 2£)„ ' 



(21) 
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which is similar to the one found in (7). It therefore remains to see whether the f2(v,0 term 
involves a non-analytic part which cancels the above contribution. To this end, we would like to 
exploit some kind of "Kummer-like" transformations for the generalized hypergeometric function 
3F2 in (15). However, it seems that such transformations do not exist in general. For this reason 
we use again an asymptotic expansion argument as follows. The relevant term in (15) reads 



00 „,n 



E- 



r 2 (A + m + £ + n)r(n + 1) 



n=0 



n\ T(iA + A - \d + 1 + n)r(A - 1 A + 1 + n) ' 



(22) 



and we have extracted an inessential common constant factor from (21) and (22). In order to 
study the existence of non-analytic terms as v — > 1 in (22) we can use the identity 



E r tt = + i)(i 



n=l 



r(n + i) 



(23) 



To do this, we first need to transform (22) into the form (23). This can be accomplished with 
the help of the Stirling formula [10] which gives the asymptotics of the ratio 



T(a + r+ 1) 



r(r + l) 

Vk+i(a) = 

Using (24) we can then write 

r 2 (A + m + £ + n) 



exp 



aln(r+l)+> — r 



( 1 \fc+l o-l 
! " E ^ 



k 



(24) 
(25) 



1=0 



r(iA + A - Id + 1 + n)r(A - IA + 1 + n) 
where the coefficients a\ are recursively obtained from 



n— >oo A=0 



T(P-X + n + l) 
T(n+1) 



(26) 



E 



0"A 



cxp 



^ P fc+1 (/3-A) 
t! (n + l) fe 



A=o (» + !) 
ti = A + m + f- l, t 2 = A 



exp 



E 

.fe=i 



2Pfc+l(tl)-n+l(«2)-n+l(«3) 



(n + l) fc 



|A, t 3 = |A + A-|d, 



/3 = 2ti - t 2 - t 3 = |d - 2 + 2m + 2£ . 



,(27) 

(28) 
(29) 



by matching the powers of l/(n + 1) on both sides of (27). Then, using (26) and (27) we are 
able to extract the possible non-analytic behavior of (22), which is essentially dictated by its 
large-n behavior, to obtain 



00 n 
V 



T 2 (A + m + f + n)r(n + 1) 



^ n\ T(lA + A - Id + 1 + n)r(A - £A + 1 + n) 



E-a 



~ r(/9- A + n+1) 

E — - — - — v " 



Ln=0 



T(n + 1) 



J] <r A r(|d - 1 + 2m + 2£ - A)(l - w )i-§<*-2m-2£+A . (30) 

A=0 
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Notice that our approach does not determine the analytic part of (22). Therefore, from (13), 
(21) and (30) the cancellation of non-analytic terms requires that the equal powers of 1 — v 
coincide to all orders in both sides of the following identity 

f» J (~1) A (1 ~ ^) A _ (1 ~ v) k+l ( A ~ j^MjA -\d + l-m-g 
2-j \ 2 -\d-2m-2i) x k j^ Q k\l\ (2-id-2m-2Z) k 

This highly non-trivial identity, which involves on the l.h.s. among others the Bernoulli numbers 
through the polynomials (25), is analytically proven in [6] and it corresponds to "Kummer-like" 
identities for the generalized hyper geometric 3F2 function. Its first few lower orders can be also 
shown to be satisfied with the help of e.g. a simple MAPLE algorithm [6]. 

Concluding, we outlined our proof that the possible non-analytic terms in AdS^+i scalar 
exchange graphs drop out by virtue of some highly non-trivial identities. This is in contrast 
with the case of scalar exchange graphs in standard CFT where the cancellation of the non- 
analytic terms was due to the appearance of the shadow singularities in the direct channel. Our 
result lends support to the idea that the amplitudes obtained from AdS/CFT correspondence 
can be analyzed using conformal OPE techniques [17]. Such an analysis, which also includes 
more technical details of our proof here, is presented in [6]. 
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